Abstract. Let F be a field. For each nonempty subset X of the Zariski-Riemann space of valuation rings of F , let A(X) = V ∈X V and J(X) = V ∈X MV , where MV denotes the maximal ideal of V . We examine connections between topological features of X and the algebraic structure of the ring A(X). We show that if J(X) = 0 and A(X) is a completely integrally closed local ring that is not a valuation ring of F , then there is a subspace Y of the space of valuation rings of F that is perfect in the patch topology such that A(X) = A(Y ). If any countable subset of points is removed from Y , then the resulting set remains a representation of A(X). Additionally, if F is a countable field, the set Y can be chosen homeomorphic to the Cantor set. We apply these results to study properties of the ring A(X) with specific focus on topological conditions that guarantee A(X) is a Prüfer domain, a feature that is reflected in the Zariski-Riemann space when viewed as a locally ringed space. We also classify the rings A(X) where X has finitely many patch limit points, thus giving a topological generalization of the class of Krull domains, one that also includes interesting Prüfer domains. To illustrate the latter, we show how an intersection of valuation rings arising naturally in the study of local quadratic transformations of a regular local ring can be described using these techniques.
Introduction
By a classical theorem of Krull, every integrally closed subring A of a field F is an intersection of valuation rings of F [21, Theorem 10.4, p. 73] . If also A is local but not a valuation ring of F , then A is an intersection of infinitely many valuation rings [24, (11.11) , p. 38]. If in addition A is completely integrally closed, then any set of valuation rings of F that dominate A and whose intersection is A must be uncountable. (See Corollary 3.7.) Rather than the cardinality of representing sets of valuation rings of F , our focus on this article is on qualitative features of these sets. We describe these features topologically as part of a goal of connecting topological properties of subspaces X of the Zariski-Riemann space Zar(F ) of F with algebraic features of the intersection ring A = V ∈X V . We work mostly in the patch topology on Zar(F ), with special emphasis on the collection lim(X) of patch limit points of the subset X of Zar(F ).
For each nonempty subset X of Zar(F ), let A(X) = V ∈X V and J(X) = V ∈X M V , where M V denotes the maximal ideal of V . We prove in Lemma 3.2 that if X is infinite and A(X) is a local ring, then J(lim X) ⊆ A(X). While it is clear that J(lim X) is an MSC: 13A18, 13B22, 13F05, 13H05.
ideal of A(lim X), the content of the lemma is that this radical ideal is also an ideal of the subring A(X) of A(lim X). We use this fact to show in Theorem 3.5 that if J(X) = 0 and A is completely integrally closed and local but not a valuation ring of F , then A(X) = A(lim X). In fact, it is shown that lim(X) can be replaced with a perfect space, that is, a space Y for with Y = lim(Y ). Along with the Baire Category Theorem, this implies in Corollary 3.7 that any countable subset of lim(X) can be removed and the resulting set remains a representation of A. Thus no completely integrally closed local subring of F that is not a valuation ring of F can be written as a countable intersection of valuation rings that dominate the ring. Additionally, if F is a countable field, we conclude in Corollary 3.6 that lim(X) contains a subset Y such that A(X) = A(Y ) and Y is homeomorphic to the Cantor set. Thus in the case of a countable field F , every local completely integrally closed subring of F that is not a valuation ring of F has a representation that is homeomorphic in the patch topology to the Cantor set. (By a representation of an integrally closed subring A of F we mean a subset Y of Zar(F ) such that A = A(Y ).)
In Section 4 we apply the results of Section 3 to develop sufficient topological conditions for an intersection of valuation rings to be a Prüfer domain; that is, a domain A for which each localization of A at a maximal ideal is a valuation domain. In general the question of whether an intersection of valuation rings is a Prüfer domain is very subtle; see [11, 20, 26, 28, 29, 32, 33] and their references for various approaches to this question. While Prüfer domains have been thoroughly investigated in Multiplicative Ideal Theory (see for example [8, 10, 19] ), our interest here lies more in the point of view that these rings form the "coordinate rings" of sets X in Zar(F ) that are non-degenerate in the sense that every localization of A(X) lies in X. This is expressed geometrically as asserting that X lies in an affine scheme of Zar(F ), where Zar(F ) is viewed as a locally ringed space. We discuss this viewpoint in more detail at the beginning of Section 4. We prove for example in Corollary 4.4 that if X is a set of rank one valuation rings of F such that J(X) = 0 and A(lim X) is a Prüfer domain for which the intersection of nonzero prime ideals is nonzero, then A(X) is a Prüfer domain. In Sections 4 and 5 we prove several other results in this same spirit, where the emphasis is on determination of algebraic properties of A(X) from algebraic properties of the generally larger ring A(lim X). This continues the theme in Section 3 of using the patch limit points of X to shed light on A(X).
In Section 5 we focus on conditions that limit the size of lim X. For example, in Corollary 5.4 we classify the rings A(X) where X is a set of rank one valuation rings in Zar(F ) with finitely many patch limit points. Since such rings include the class of Krull domains that have quotient field F , this setting can be viewed as a topological generalization of Krull domains. But the class also includes interesting Prüfer domains that behave very differently than Krull domains. To illustrate the latter assertion, we show that a subspace X of Zar(F ) associated to a sequence of iterated quadratic transforms of a regular local ring yields a Prüfer domain such as those studied in Section 4. It follows that the boundary valuation ring of a sequence of iterated quadratic transforms of regular local rings is a localization of the order valuation rings associated to each of the quadratic transforms.
For some related examples of recent work on the topology of the Zariski-Riemann space of a field, see [7, 9, 26, 27, 28, 29] and their references. Our approach is related to that of [29] where it is shown that if X is a quasicompact set of rank one valuation rings in Zar(F ) with J(X) = 0, then A(X) is a one-dimensional Prüfer domain with quotient field F and nonzero Jacobson radical. Similarly, in the present article we see that the topological condition of having finitely many patch limit points suffices to determine algebraic features of the intersection ring A(X). In both the present article and [29] Prüfer domains play a key role because these correspond to affine schemes in Zar(F ) when the Zariski-Riemann space is viewed as a locally ringed space; see [28] for more on this point of view. In general, the determination of which subsets of Zar(F ) underlie affine schemes in the Zariski-Riemann space requires geometrical in addition to topological information [26, 28] .
Notation and terminology. Let X be a topological space, and let Y be a subspace of X. Then x ∈ X is a limit point of
If also X is Hausdorff (and the limit points we consider in this article will all be limit points in a Hausdorff topology), then every open neighborhood of the limit point x contains infinitely many points of Y . An element x ∈ X is an isolated point of X if {x} is an open subset of X. Thus x ∈ X is a limit point in X if and only if x is not an isolated point in X. The set of all isolated points of X, as a union of open sets, is open in X. Thus the set of all limit points of X is closed in X, and the closure of a subset Y in X consists of the elements of Y and the limit points of Y .
Properties of patch limit points
We assume throughout the paper that F denotes a field and Zar(F ) is the set of valuation rings of F , i.e., those subrings V of F such that for each 0 = t ∈ F , t ∈ V or t −1 ∈ V . We view Zar(F ) as a topological space under the Zariski and patch topologies (and, in Section 4, under the inverse topology), each of which will be defined using the following notation.
The Zariski topology on Zar(F ) has as a basis of open sets the empty set and sets of the form U (x 1 , . . . , x n ), where x 1 , . . . , x n ∈ F . The set Zar(F ) with the Zariski topology is the Zariski-Riemann space (or abstract Reimann surface) of F [37, Chapter VI, Section 17] . Several authors (see for example [2] and the discussion in [28, The patch topology (or constructible topology) on Zar(F ) is given by the topology that has as a basis the subsets of Zar(F ) of the form
where x 1 , . . . , x n , y 1 , . . . , y m ∈ F . The complement in Zar(F ) of any set in this basis is again open in the patch topology. Thus the patch topology has a basis of sets that are both closed and open (i.e., the patch topology is zero-dimensional). The patch topology is also spectral and hence quasicompact [18, Section 2] . Unlike the Zariski topology on Zar(F ), the patch topology is always Hausdorff. For examples of recent work on the patch topology of Zar(F ), see [7, 28, 29] .
If y 1 , . . . , y m are nonzero, then V ∈ Zar(F ) is a member of a set of the form in (b) if and only if x 1 , . . . , x n ∈ V and 1/y 1 , . . . , 1/y n ∈ M V . On the other hand, if some y i is 0, then the set in (b) is empty. From these observations, we deduce that for a nonempty subset X of Zar(F ), a valuation ring U ∈ Zar(F ) is a patch limit point of X if and only if for all x 1 , . . . , x n ∈ U , y 1 , . . . , y m ∈ M U , there exists (infinitely many, since the patch topology is Hausdorff) V ∈ X with V = U , x 1 , . . . , x n ∈ V and y 1 , . . . , y m ∈ M V . We will only consider limit points in Zar(F ) with respect to the patch topology. Notation 2.2. For a subset X of Zar(F ) we denote by lim(X) the set of limit points of X in the patch topology of Zar(F ), and we denote by patch(X) the closure of X in the patch topology. Thus patch(X) = X ∪ lim(X), and X is patch closed if and only if X = patch(X), if and only if lim(X) ⊆ X. Remark 2.3. Every nonempty patch closed subset X of Zar(F ) is a spectral space and hence contains minimal elements with respect to set inclusion [18, Section 2 and Proposition 8]. We denote by min(X) the set of minimal elements of X.
Note that lim(X) is a patch closed set. In Section 4 we work with the set min(lim X). We now develop some of the technical properties of patch limit points that are needed in the next sections. The first such property is an algebraic interpretation of the ring formed by intersecting the patch limit valuation rings of a subspace of Zar(F ). Recall from the introduction the operators (or more precisely, presheaves) A(−) and J(−). Proof. Since Zar(F ) is quasicompact in the patch topology, so is the patch closed subset patch(X). Thus lim(X) is nonempty since X is infinite. We first claim that
Let Y ∈ C , and let U ∈ lim(X). Suppose x ∈ F with x ∈ U . Then U ∈ V (x). Since U is a patch limit point of X and V (x) is a patch open subset of X, there are infinitely many members of X in V (x). Thus, since Y is cofinite, there exists W ∈ Y ∩ V (x), and hence x ∈ W . Therefore, x ∈ A(Y ). This proves the first claim.
To prove the reverse inclusion, let
which is impossible. Thus Z is infinite, which as noted at the beginning of the proof implies that there is U ∈ lim(Z). If x ∈ U , then U ∈ U (x), and, since U is a patch limit point of Z, Z ∩ U (x) = ∅. This implies that there exists Y ∈ C such that x ∈ V Y , a contradiction. Thus x ∈ U so that x ∈ A(lim X). This proves that Y ∈C A(Y ) = A(lim X).
The proof for J is similar. We verify the inclusion "⊆" first. Let Y ∈ C , and let U ∈ lim(X). Suppose x ∈ F with x ∈ M U . Since U is a valuation ring, this implies U is in the patch open set U (x −1 ). Since U ∈ lim(X), the set U (x −1 ) contains infinitely many valuation rings V in X. For each such valuation ring
As above, the collection Z = {V Y : Y ∈ C } is infinite and so there exists U ∈ lim(Z). If x ∈ M U , then, since U is a patch limit point of Z, there exists Y ∈ C such that x ∈ M V Y , a contradiction. Thus x ∈ M U , and it follows that Y ∈C J(Y ) = J(lim X).
Corollary 2.5. Let X be an infinite subset of Zar(F ), and let x ∈ F . If x ∈ M V for all but finitely many valuation rings V ∈ X, then x ∈ J(lim X).
Proof. If x ∈ M V for all but finitely many valuation rings in X, then the set Y = {V ∈ X : x ∈ M V } is cofinite. By Proposition 2.4, x ∈ J(Y ) ⊆ A(lim X).
In later sections we frequently work with nonempty subsets X of Zar(F ) such that J(X) = 0. The next corollary shows this criterion is reflected in the patch topology of Zar(F ). Proof. Suppose that J(X) = 0. Then, for each 0 = a ∈ A := A(X), the set
is a nonempty patch closed subset of patch(X). Since A = A(patch(X)), for all nonzero a 1 , . . . , a n ∈ A we have X a 1 ∩ · · · ∩ X an = X a 1 ···an , so the collection {X a : 0 = a ∈ A} has the finite intersection property. As a patch closed subset of Zar(F ), patch(X) is quasicompact, so there exists U ∈ 0 =a∈A X a . For this choice of U we have M U ∩A = 0.
Conversely, if U ∈ patch(X) such that M U ∩ A = 0, then Proposition 2.4 implies J(X) ⊆ M U ∩ A = 0, which proves the corollary.
In the case in which A has quotient field F , we obtain a simple topological criterion for when J(X) = 0.
Corollary 2.7. Let X be a nonempty subset of Zar(F ) such that A(X) has quotient field F . Then J(X) = 0 if and only if F ∈ patch(X).
Proof. Suppose J(X) = 0. By Corollary 2.6, there is U ∈ patch(X) such that M U ∩ A(X) = 0. Since A(X) has quotient field F , this implies M U = 0 and hence F = U ∈ patch(X). The converse follows from Corollary 2.6.
A collection X of valuation rings in Zar(F ) has finite character if each nonzero x ∈ F is a unit in all but finitely many valuation rings of X. This notion will be useful in the last section for the classification of subsets of Zar(F ) with finitely many limit points. Proof. The direction "⇒" is proved in [7, Lemma 4 .3] using ultrafilter methods. We include a proof here that uses the patch topology. Suppose that X has finite character and is infinite. By Proposition 2.4, lim(X) is nonempty. Let V ∈ lim(X). Suppose V = F and choose 0 = t ∈ M V . Then {W ∈ X : t ∈ M W } is a patch open subset of X containing V . Since X has finite character, this set is finite. However, X is Hausdorff in the patch topology, and so every open neighborhood of the patch limit point V contains infinitely many members of X. This contradiction shows that V = F .
Conversely, suppose that X is infinite and lim(X) = {F }. Suppose that there exists 0 = t ∈ F and infinitely many valuation rings V in X such that t is not a unit in V . Then there are infinitely many valuation rings V ∈ X such that either t ∈ M V or t −1 ∈ M V . Choosing x = t or x = t −1 as needed, we conclude that there exists 0 = x ∈ F such that x ∈ M V for infinitely many V ∈ X. By Proposition 2.4, the infinite set {V ∈ X : x ∈ M V } has a patch limit point, which, since lim(X) = {F }, must be F . However, by Proposition 2.4, x is in the maximal ideal of any patch limit point of {V ∈ X : x ∈ M V }, so x = 0 since the patch limit point F is a field. This contradiction show that t is a unit in all but finitely many valuation rings in X, and we conclude that X has finite character.
A strategy of proof in Lemma 3.2 is to replace a collection X = {W i : i ∈ I} of valuation rings in Zar(F ) with valuation rings Y = {V i : i ∈ I} such that V i ⊆ W i for each i. The rest of this section is devoted to proving Proposition 2.11, which describes a relationship between lim(X) and lim(Y ) in such a circumstance. To this end, we recall a helpful interpretation of the patch topology on Zar(F ) due to Finocchiaro, Fontana and Loper [7] . An ultrafilter on a set X is a collection F of subsets of X such that (a) ∅ ∈ F , (a) F is closed under finite intersections, (b) if A ⊆ B ⊆ X and A ∈ F , then B ∈ F , and (c) for each A ⊆ X, either A ∈ F or B ∈ F . The ultrafilter F is principal if there is a member of X (necessarily unique) that is an element in every set in F . Notation 2.9. Let X be a nonempty subset of Zar(F ), and let F be an ultrafilter on X. Define V F = {x ∈ F : {W ∈ X : x ∈ W } ∈ F }. Then V F is a valuation ring with quotient field F [7, Corollary 3.8].
We use the valuation rings V F as technical tools in proving Proposition 2.11. Specifically, we use the fact that the patch closure of X in Zar(F ) can be interpreted via these valuation rings as patch(X) = {V F : F is an ultrafilter on X} [7, Corollary 3.8]. The next lemma gives a similar interpretation for lim(X) involving nonprincipal ultrafilters.
Lemma 2.10. Let X be an infinite subset of Zar(F ), and let V ∈ Zar(F ). We show Y ∩ N is infinite. Since x 1 , . . . , x n ∈ V F and the filter F is closed under finite intersections, we have
Since F is closed under finite intersections, we conclude that
Since F is a nonprincipal ultrafilter, F contains no finite subsets and hence Y ∩ N is infinite, as claimed.
Proof. (1) If I is finite (so that X is finite), then lim(X) is empty and there is nothing to show. Thus we assume that I is infinite. Let W ∈ lim(X). If W ∈ X, so that W = W i for some i, let I ′ = I \ {i}. Otherwise, if W ∈ X, let I ′ = I. By Lemma 2.10(1), there exists a nonprincipal ultrafilter F on I ′ such that
Since F is a nonprincipal ultrafilter on I ′ and the valuation rings
By Lemma 2.10(2), W ∈ lim(X). As in (1), we have V ⊆ W .
Limit points in local intersections
In this section we consider local domains that are intersections of valuation rings in Zar(F ). One of the main results of the section, Lemma 3.2, shows that the limit points of a representation X of A determine a radical ideal of A. If this radical ideal is nonzero, this in turn implies that the intersection of the patch limit points of X is a fractional ideal of A. This technical observation is the basis for the applications in the rest of the article.
Because it is needed in the first two lemmas in this section, we recall the notion of a projective model. Let D be a subring of the field F , and let t 0 , t 1 , . . . , t n be nonzero elements of
Then M is the projective model of F/D defined by t 0 , t 1 , . . . , t n . Alternatively, a projective model of F/D can be viewed as a projective integral scheme over Spec(D) whose function field is a subfield of F . For each local ring B in M there is a valuation ring V in Zar(F ) that dominates B (i.e., the maximal ideal of B is a subset of M V ), and for each V ∈ Zar(F ) there exists a unique B ∈ M such that V dominates B; see [37, pp. 119-120] or apply the valuative criterion for properness [14, Theorem 4.7, p. 101] . For a nonempty subset X of Zar(F ), we denote by M (X) the set of all B ∈ M such that B is dominated by some V ∈ X; that is, M (X) is the image of X under the continuous closed surjection Zar(F ) → M given by the domination mapping [ 
D is local, and all but at most finitely many
Proof. By Proposition 2.4, the set lim(X) is nonempty since X is infinite. Let A = A(X). Most of the proof is devoted to a reduction to the case in which every valuation ring in X dominates A. To make this reduction we construct a set Y of valuation rings in Zar(F ) that dominate A and such that Y has the property that
By Proposition 2.4, all the valuation rings in lim(X) contain A. Also, since the patch topology on Zar(F ) is Hausdorff, X and its patch closure have the same limit points in Zar(F ). Thus the ideal J(lim(X)) is the same regardless of whether X or its patch closure is used. We may assume without loss of generality that X is patch closed in Zar(F ).
Since X is patch closed, X has minimal elements with respect to set inclusion (see Remark 2.3). Let {W i : i ∈ I} denote the set of minimal elements of X. For each i ∈ I we have
Chevalley's Extension Theorem [4, Theorem 3.1.1, p. 57] implies there is a valuation ring T i of the field
Since the W i are the minimal elements of X and A ⊆ V i ⊆ W i for each i, we have
Suppose the index set I is finite. Then A is a finite intersection of the valuation rings W i , and hence, as a local ring, A is a valuation ring with quotient field F [24, (11.11), p. 38]. In this case, for every valuation overring V of the valuation ring A, we have M V ⊆ A, so that the lemma is clear.
We assume now that the index set I is infinite. By Proposition 2.4, lim(Y ) is nonempty. We claim that J(lim X) ⊆ J(lim Y ). The set Y = {W i : i ∈ I} is infinite and consists of incomparable valuation rings. This implies that the V i are distinct, since if V i = V j for some i, j ∈ I, then V i ⊆ W i ∩ W j . The overrings of a valuation ring form a chain under set inclusion, so necessarily W i and W j are comparable, which forces i = j. Therefore, the V i are distinct, as are the W i . Proposition 2.11 (2) 
Therefore, to complete the proof that J(lim X) ⊆ A, it suffices to show J(lim Y ) ⊆ A. Since A = i∈I V i , we have that Y = {V i : i ∈ I} is an infinite representation of A such that each valuation ring in Y dominates A. Let t ∈ F such that t ∈ A. We show that t ∈ J(lim Y ) by considering two cases.
In this case, since t ∈ A, 1/t is not a unit in A. Hence 1/t is an element of the maximal ideal of A. Since each valuation ring in Y dominates A, Corollary 2.5 implies every valuation ring in lim(Y ) dominates A. Since 1/t is in the maximal ideal of A, we conclude that 1/t ∈ J(lim Y ). Thus t ∈ J(lim Y ).
Let M be the projective model of F/A defined by 1, t. Since t ∈ A and 1/t ∈ A, Lemma 3.1 (1) implies that the image M (Y ) of Y in M is infinite. Since every valuation ring in Y dominates A, Lemma 3.1(2) (applied to D = A) implies there exists U ∈ lim(Y ) such t is a unit in U . Consequently, t ∈ J(lim Y ).
We have shown that in both cases if t ∈ A then we have t ∈ J(lim Y ). It follows that J(lim X) ⊆ J(lim Y ) ⊆ A, which completes the proof. Notation 3.3. For A a subring of F and J an ideal of A, we let End(J) = {t ∈ F : tJ ⊆ J}.
Let A be a domain with quotient field Q(A), and let t ∈ Q(A). Then t is almost integral over A if there is 0 = a ∈ A such that at n ∈ A for all n > 0. The domain A is completely integrally closed if the only elements of Q(A) that are almost integral over A are those that are in A; equivalently, End(J) = A for all nonzero ideals J of A.
Lemma 3.4. Let X be an infinite subset of Zar(F ) such that A(X) is a local ring. If J(lim X) = 0 and R is a completely integrally closed domain with
Proof. By Lemma 3.2, J := J(lim X) is a subset of A, hence of R, and so JR is an ideal of R. By assumption, J = 0, so, since R is completely integrally closed, End(JR) = R. Thus End(J) ⊆ R. Since J is an ideal of A(lim X), it follows that A(lim X) ⊆ End(J) ⊆ R, which proves the lemma.
Thus, if the ring A(X) in Lemma 3.4 is itself completely integrally closed, then A(X) = A(lim X). In the next theorem we carry this idea further to show that a representation of a completely integrally closed local subring A of F can be refined to a patch closed representation that is perfect as a topological space. In the proof, we use that if X is a patch closed subset of Zar(F ) such that A = A(X), then there is a minimal patch closed representation Y of A contained in X, in the sense that A = A(Y ) and Y properly contains no patch closed representation of A; see [27, (4. 2)]. A minimal patch closed representation of A need not be unique [27, Example 4.3] . Recall that a topological space is perfect if every point in the space is a limit point.
completely integrally closed local ring that is not a valuation ring of F , then lim(X) contains a representation of A(X) that is perfect and closed in Zar(F ) with respect to the patch topology.
Proof. As discussed before the theorem, the set of patch closed representations of A contains minimal elements with respect to set inclusion. Let Y be a minimal patch closed representation of A contained in patch(X). Since patch(X) = X ∪ lim(X), Proposition 2.4 implies that
Since A is not a valuation ring of F , Y is infinite [24, (11.11) Example 3.9 shows that the assumption in Theorem 3.5 that J(X) = 0 is necessary. Restricting to the case where F is a countable field, we obtain that the perfect representation given by the theorem is homeomorphic to the Cantor set: The next corollary shows that in the circumstances of Theorem 3.5 any set of countably many valuation rings can be discarded from the representation lim(X) of A. Thus lim(X) is uncountable in the setting of Theorem 3.5. Proof. Since X consists of rank one valuation rings, A = A(X) is a completely integrally closed domain. Also, since all but at most finitely many valuation rings in X dominate A and A has quotient field F , it follows that J(X) = 0. (Note that A = F , since A is not a valuation ring.) Theorem 3.5 implies lim(X) contains a representation of A that is perfect and closed in the patch topology.
Example 3.9. If the assumption in Corollary 3.8 that all but finitely many valuation rings in X dominate A is removed, the resulting statement is false. Let A be a local Krull domain with Krull dimension > 1 and maximal ideal M . Let X = {A P : P a height 1 prime ideal of A}.
Then X is a representation of A consisting of DVRs. However, by Corollary 2.8, lim(X) consists of a single valuation ring, namely, the quotient field of A. Moreover, A is completely integrally closed but lim(X) is not a representation of A. This example also shows that the assumption that J(X) = 0 in Theorem 3.5 is also necessary. Another variation on these ideas is given in Theorem 3.11, where the emphasis is on the residue fields of the representing valuation rings. Proof. By Corollary 2.5, each valuation ring in lim(X) dominates A. Therefore, by Lemma 3.2, M = J(lim X). Consequently, M is an ideal of the ring A(lim X), and
Thus lim(X) is also a patch closed representation of A. Let Y be a minimal patch closed representation of A contained in lim(X), and let Z be the collection of valuation rings V in Y such that the residue field of V is transcendental over the residue field of A.
Since A is not a valuation domain and A is the intersection of the valuation rings in Y , the set Y is infinite [24, (11.11), p. 38]. By Lemma 3.1(2), Z is nonempty. We claim first that J(Z) ⊆ A. Suppose to the contrary that there exists t ∈ J(Z) such that t ∈ A. If t −1 ∈ A, then t −1 ∈ U for any U ∈ Z, a contradiction since t ∈ M U . Thus t ∈ A and t −1 ∈ A. Since Y is infinite, Lemma 3.1(2) implies there exists U ∈ Z such that t ∈ M U , contrary to the choice of t. Therefore, J(Z) ⊆ A.
Next, since each U ∈ Z dominates A, we have that M = J(Z) is the maximal ideal of A. Since End(M ) = A and M is an ideal of A(Z), we have A = A(Z). Consequently, patch(Z) is a representation of A contained in the minimal patch closed representation Y of A, which forces Y = patch(Z). An argument similar to that at the beginning of the proof shows that lim(Z) is also a patch closed representation of A, so, again by the minimality of Y , we have lim(Z) = patch(Z), which shows that patch(Z) is perfect in the patch topology. That Z is also perfect in the patch topology now follows from the fact that Z is dense in patch(Z) with respect to the patch topology.
Remark 3.12. Example 3.10 shows that the assumption that End(M ) = A in Theorem 3.11 is necessary, since in that example A is an integrally closed domain that is not a valuation domain and A does not have a perfect representation.
Rank one representations and Prüfer intersections
The proofs in this section and the next utilize a topology that is dual to the Zariski topology on Zar(F ). The inverse topology on Zar(F ) is the topology that has a basis of closed sets the subsets of Zar(F ) that are quasicompact and open in the Zariski topology; i.e., the closed sets are intersections of finite unions of sets of the form U (x 1 , . . . , x n ), x 1 , . . . , x n ∈ F . For more on the inverse topology in the context of the Zariski-Riemann space of a field, see [7, 28, 27] .
Recall from the introduction that an integral domain A is a Prüfer domain if each localization of A at a maximal ideal of A is a valuation domain. Viewing Zar(F ) as a locally ringed space with structure sheaf A given by A(U ) for each nonempty Zariski open set U of Zar(F ), it follows that for a subset X of Zar(F ), A(X) is a Prüfer domain with quotient field F if and only if the closure of X in the inverse topology of Zar(F ) is an affine scheme in Zar(F ); i.e., A(X) is a Prüfer domain if and only if for A = A(X) the closure of X in the inverse topology of Zar(F ) is {A P : P ∈ Spec(A)}; see [28] . Geometrical characterizations of subsets X of Zar(F ) such that A(X) is a Prüfer domain with quotient field F are given in [26, 28] .
Our interest in this section is in topological conditions on X that are sufficient to guarantee A(X) is a Prüfer domain. In [29] it is shown that if both X and lim(X) consist of rank one valuation rings of F , then A(X) is a one-dimensional Prüfer domain with nonzero Jacobson radical and quotient field F . In this section, we also seek to control patch limit points, but not in terms of the rank of valuation rings that occur as limit points. Instead, we focus on the case in which lim(X) lies an affine subset of Zar(F ); i.e., we require that A(lim X) is a Prüfer domain with quotient field F . In light of Proposition 2.4, it is not surprising that this in itself is not enough to guarantee A(X) is a Prüfer domain with quotient field F . However, if we restrict X to rank one valuation rings, then the assumption that A(lim X) is a Prüfer domain with quotient field F is sufficient for A(X) also to be a Prüfer domain under some straightforward assumptions on X. This is proved in Corollary 4.4. One of these restrictions is that A(lim X) is a G-domain; that is, a domain for which the intersection of nonzero prime ideals is nonzero. See [22, Section 1.3] for more on this class of rings.
We use the following notation in relation to the inverse topology on Zar(F ). 
Proof. Let X = X 1 ∪ X 2 . If X is finite, then, as an intersection of finitely many valuation rings of F , A is a valuation ring of F [24, (11.11), p. 38]. In this case since A is a valuation ring of F , X 1 consists of at most one valuation ring, necessarily of rank one. Also, as overrings of a valuation domain, the valuation rings in X 2 form a chain, one that does not include F since J(X 2 ) = 0. Thus every valuation ring in X 2 has rank at least one and so is contained in the only valuation ring in X 1 if X 1 is nonempty. It follows that if X is finite, then A = A(X 2 ) and the claim is proved. Suppose next that X is infinite. Since A is local, Lemma 3.2 implies J(lim X) ⊆ A. We claim that J(lim X) = 0. Since lim(X 1 ) ⊆ X 2 , we have
Thus J(X 2 ) = J(patch X 2 ) ⊆ J(lim X) by Proposition 2.4. By assumption J(X 2 ) = 0, so J(lim X) = 0.
Since J(lim X) = 0 and X 1 consists of rank one valuation rings, Lemma 3.4 implies A(lim X) ⊆ A(X 1 ). Since also lim(X) ⊆ patch(X 2 ), we have by Proposition 2.4 that (1), let X = X 1 ∪ X 2 , and let A = A(X) = A(X 1 ) ∩ A(X 2 ). Without loss of generality we may replace X 2 with its inverse closure inv(X 2 ) = gen(patch(X 2 )). This is because A(X 2 ) = A(inv(X 2 )) by Proposition 2.4 so that working with inv(X 2 ) in the statement of the theorem is the same as working with X 2 . First we prove that A is a Prüfer domain with quotient field F . Let M be a maximal ideal of A. We show that A M is a valuation ring of F . Since the inverse closed set X 2 is patch closed and lim(X 1 ) ⊆ X 2 , we have
Thus X is patch closed, and inv(X) = gen(patch(X)) = gen(X) = gen(X 1 ) ∪ gen(X 2 ) = X 1 ∪ X 2 = X, where the second to last equality follows from the fact that X 1 consists of rank one valuation rings and X 2 is inverse closed. Consequently, X is inverse closed.
Since X is inverse closed, there exists an inverse closed subset Y of X such that Having shown that Y 1 and Y 2 satisfy the hypotheses of Lemma 4.2 (with Y 1 and Y 2 playing the roles in the lemma of "X 1 " and "X 2 ," respectively), we obtain that
is a Prüfer domain with quotient field F , we conclude that as a local overring of a Prüfer domain with quotient field F , A M is a valuation ring of F . This proves that A is a Prüfer domain with quotient field F .
To see finally that A is a G-domain, we first recall that since A is a Prüfer domain and X = X 1 ∪X 2 is an inverse closed representation of A, then X is the set of valuation rings between A and F , each of which is a localization of A at a prime ideal [28, Proposition 5.6(5)]. Similarly, X 2 is the set of valuation overrings of A(X 2 ), each of which is a localization of A(X 2 ) at a prime ideal. Let I be the intersection of the nonzero prime ideals of A(X 2 ). Since X 1 consists of rank one valuation rings and X = X 1 ∪ X 2 is the set of localizations of A at prime ideals, it follows that J(X 1 ) ∩ I is the intersection of nonzero prime ideals of A. If J(X 1 ) ∩ I = 0, then since A has quotient field F we have J(X 1 ) = 0 or I = 0. By assumption J(X 1 ) = 0 and, since A(X 2 ) is a G-domain, I = 0. Thus J(X 1 ) ∩ I = 0, and hence A is a G-domain.
(2) ⇒ (1) Since A = A(X 1 ) ∩ A(X 2 ) has quotient field F , the valuation rings in X 1 are centered on nonmaximal prime ideals of A. Since A is a G-domain, we conclude that J(X 1 ) = 0. Moreover, since A is a Prüfer domain with quotient field F , each Proof. Let X 1 = {V 1 , . . . , V n }, and let X 2 = {B M : M ∈ Max(B)}. Since B is a Prüfer domain with quotient field F , X 2 is a subset of Zar(F ). Now lim(X 1 ) = ∅ ⊆ X 2 , J(X 1 ) = 0 and B = A(X 2 ) is a Prüfer G-domain with quotient field F . By Theorem 4.3,
The next example shows the importance of restricting to rank one valuation rings in Corollary 4.5.
Example 4.6. In general, the intersection of a valuation ring of F of rank more than 1 and a Prüfer G-domain need not be a Prüfer domain. For example, let A be as in Example 3.10. With the notation of the example, B = D[t] + M U is a two-dimensional Prüfer domain for which M U is the unique nonzero nonmaximal prime ideal of B.
Then V is a rank two valuation ring of F contained in U and for which V ∩ B = A. Since A is a local domain that is not a valuation domain, A is not a Prüfer domain.
Rank one representations having few limit points
As another application of the ideas in Section 3 we classify in this section the subrings A of the field F for which there exists a set X of rank one valuation rings such that A = A(X) and X has finitely many patch limit points. By Corollary 2.8, such rings include the Krull domains, and more generally the finite real character domains, where an integral domain A with quotient field F has finite real character if there is a finite character collection X of rank one valuation rings in Zar(F ) such that A = A(X). If in addition each valuation ring in X is a localization of A, then A is a generalized Krull domain. In order for a finite real character domain to be a generalized Krull domain, it is sufficient that the valuation rings in X have rational rank 1 (see [23] or [25, Corollary 5.2] ). Generalized Krull domains and finite real character domains have been well studied; see for example [10, 12, 13, 17, 25, 31] .
Our classification of the case where X has finitely many patch limit points hinges as usual on whether J(X) = 0. We show in Theorem 5. In the next theorem we use the notation min(lim X) for the minimal elements of lim(X) with respect to set inclusion; see Remark 2.3. Proof. Let X = X 1 ∪ X 2 . Since X 2 is patch closed, we have inv(X 2 ) = gen(X 2 ). Since inv(X) = gen(patch(X)) and patch(X 1 ) = X 1 ∪ lim(X 1 ), we have
where the third equality follows from the fact that X 1 consists of rank one valuation rings and the fourth from the fact that min(lim X 1 ) ⊆ X 2 .
To prove that A is a Prüfer domain with quotient field F , it suffices to show that A M is a valuation ring of F for each maximal ideal M of A. Let M be a maximal ideal of A. Then A M is the intersection of the valuation rings in the patch closed set Y = {V ∈ inv(X) :
Since Y is patch closed, Y contains minimal elements (see Remark 2.3) and we can replace Y with min Y . After such a replacement, we have a subset Y of Zar(F ) with the following properties. Proof of Claim 1. Let Z = {W j : j ∈ J} be a set of incomparable distinct valuation rings in gen(X 2 ). Since X 2 is patch closed, gen(X 2 ) = gen(min X 2 ). For each j ∈ J, there is
Since Z consists of incomparable valuation rings, it follows that W j = W k , and hence j = k. Therefore, |Z| = |J| ≤ | min X 2 |. This proves Claim 1.
Proof of Claim 2. Since Y consists of incomparable valuation rings and the set {U i : i ∈ I} = Y ∩ gen(X 2 ), this follows from Claim 1.
As in the proof of Lemma 3.2, for each i there exists V i ∈ Zar(F ) such that V i dominates A M and V i ⊆ U i . Since the members of {U i : i ∈ I} are incomparable, we have as in the proof of Claim 1 that V i = V j if and only if i = j. Thus the members of {V i : i ∈ I} are incomparable by Claim 1, and we have by Claim 2 that
Claim 3. The ring A(Z 2 ) is a Prüfer domain with quotient field F .
Proof of Claim 3. Since
The set min(lim Z 1 ) consists of incomparable valuation rings. Also, since X 2 is patch closed, we have
Therefore, since by assumption min(lim X 1 ) ⊆ X 2 , we have
Thus, by Claim 1, | min(lim Z 1 )| ≤ | min X 2 |. By Claim 2, |I| ≤ | min X 2 |. Thus A(Z 2 ) can be written as an intersection of ≤ 2 · | min X 2 | valuation rings in Zar(F ). Since every valuation ring in Z contains A M and A M contains a local ring whose residue field has cardinality greater than | min X 2 |, Lemma 5.1 implies that A(Z 2 ) is a Prüfer domain with quotient field F . 
By the choice of the V i , we conclude that
is a valuation ring of F , Lemma 4.2 and Claim 3 imply it suffices to verify that Z 2 is a nonempty set and J(Z 2 ) = 0. If Z 2 is empty, then lim(Z 1 ) is empty and Z 1 is finite by Proposition 2.4. Moreover, in this case I = ∅, so that Y = Z 1 ∪ {U i : i ∈ I} = Z 1 is finite, contrary to the assumption that Y is infinite. Therefore, Z 2 is a nonempty set.
Next we claim that J(Z 2 ) = 0. Since Z 2 = lim(Z 1 ) ∪ {V i : i ∈ I}, it suffices to show that J(lim Z 1 ) ∩ J({V i }) = 0. In the theorem, min(lim X 1 ) is itself an interesting choice for X 2 . For example, it follows from the theorem that if F contains a field k and X is a set of rank one valuation rings of F containing k with | min(lim X)| < |k|, then A(X) is a Prüfer domain with quotient field F . Our focus next is on the case in which min(lim X) is finite. In this case there is no need of the presence of a subfield of A(X) of sufficiently large cardinality. Proof.
(1) ⇒ (2) Let X 1 be the set of rank one valuation rings in X. If X 1 is empty, then X is finite, and hence A, as an intersection of finitely many valuation rings of F , is a Prüfer domain with quotient field F [24, (11.11), p. 38]. Suppose X 1 is not empty, and let X 2 = (X \ X 1 ) ∪ lim(X 1 ). Then J(X 1 ) = 0 since J(X) = 0. Also, since X \ X 1 is finite and lim(X 1 ) is patch closed, we have that X 2 is a patch closed subspace of Zar(F ) with min(lim X 1 ) ⊆ X 2 . Since min(lim X 1 ) and X \ X 1 are finite, it follows that min X 2 is finite. By Theorem 5.2, A is a Prüfer domain with quotient field F . Let Y = {A M : M ∈ Max(A)}. We claim that Y ⊆ patch(X). Since inv(X) = gen(patch(X)) and inv(X) is the set of valuation rings between the Prüfer domain A and its quotient field F [28, Proposition 5.6(5)], it follows that every minimal valuation overring of A is in patch(X). Thus, since Y is the set of minimal valuation overrings of the Prüfer domain A, we have Y ⊆ patch(X).
We now use the fact that Y ⊆ patch(X) to verify that A has nonzero Jacobson radical. By Proposition 2.4, the fact that Y ⊆ patch(X) implies J(X) = J(patch(X)) ⊆ J(Y ), so that J(Y ) = 0. By the choice of Y , J(Y ) is the Jacobson radical of A, so we have proved that A has nonzero Jacobson radical.
It remains to show that all but finitely many maximal ideals of A have height one and are the radical of a finitely generated ideal. Let Y 1 be the set of rank one valuation rings in Y that are patch isolated points in Y , and let Y 2 be the set of valuation rings in Y that have rank > 1 and are patch isolated in Y . Observe that 
Hence Y ∩ lim(Y ) is finite since by assumption min(lim X) is finite.
Next, to see that Y 2 is finite, observe that since Y 2 ⊆ Y ⊆ patch(X) = X ∪ lim(X), we have for each V ∈ Y 2 that V ∈ X or V ∈ lim(X). By assumption there are only finitely many valuation rings in X of rank > 1. On the other hand, if V ∈ Y 2 ∩ lim(X), then since V is minimal as a valuation overring of A, we have V ∈ min(lim X), a finite set. It follows that Y 2 is a finite set. We have proved that
Since Y \ Y 1 is finite, to complete the verification of (2) it suffices to show that each maximal ideal M of A such that A M ∈ Y 1 has height one and is the radical of a finitely generated ideal of A. It is clear that M has height 1 since the valuation ring A M , as a member of Y 1 , has rank one. Also, as a member of Y 1 , A M is a patch isolated point in Y . Since the valuation rings in Y are minimal over A, the patch and inverse topologies agree on Y [34, Corollary 2.6]. (To apply the cited reference we are using here that patch(X) is a spectral space with respect to the inverse topology [18, Proposition 8] and that the specialization order in this topology on Zar(F ) is set inclusion.) Thus A M is isolated in the inverse topology of Y . From this it follows that there is a finitely generated ideal I of A contained in M but in no other maximal ideal of A [27, Theorem 6.4]. Since M has height one, M is thus the radical of I.
(2) ⇒ (1) Assuming (2), let X = {A M : M ∈ Max(A)}. Since A is a Prüfer domain with quotient field F , X ⊆ Zar(F ). By [27, Theorem 6.4] , the points in X that are isolated in the inverse topology correspond to the maximal ideals M of A such that M contains a finitely generated ideal not contained in any other maximal ideal. The subspace {A P : P ∈ Spec(A)} is a spectral subspace of Zar(F ), so the inverse and patch topologies coincide on its minimal elements with respect to set inclusion [34, Corollary 2.6] . Therefore, since all but at most finitely many maximal ideals in A have height one and are the radical of a finitely generated ideal in A, it follows that all but finitely many valuation rings in X are isolated in the patch topology and have rank one. Consequently, X contains at most finitely valuation rings of rank > 1, and X contains at most finitely many patch limit points.
We claim that min(lim X) is finite. If V ∈ X ∩ min(lim X), then there are only finitely many possibilities for V since there are only finitely many patch limits in X. Thus X ∩ min(lim X) is finite. It remains to show that min(lim X) \ X is finite. Let V ∈ min(lim X) \ X. Because of how we have defined X, V is not a minimal valuation overring of A. Hence there is a valuation ring U ∈ X such that U V . If V = F , then F ∈ min(lim X), so that lim(X) = {F }. But then Proposition 2.4 implies J(X) = 0. However, by the choice of X, J(X) is the Jacobson radical of A, which we have assumed to be nonzero. Consequently, V = F , and, since U V , U has rank > 1.
By assumption, there are only finitely many localizations of A at a maximal ideal that have rank > 1. Thus there are only finitely many possibilities for U . Since each of the valuation rings in the set min(lim X) \ X of incomparable valuation rings contains one of these rank > 1 valuation rings, it follows that min(lim X) \ X is also finite. Thus min(lim X) = (X ∩ min(lim X)) ∪ (min(lim X) \ X) is finite. On the other hand, suppose Y is nonempty. Since Y is a patch closed set not containing F , we have F ∈ lim(Y ). By Corollary 2.7, J(Y ) = 0. Also, all but finitely many valuation rings in Y have rank 1, so Theorem 5.3 implies that A(Y ) is a Prüfer domain meeting the requirements of (b). Since X = Y ∪ Z, we have A(X) = A(Y ) ∩ A(Z), so A(X) is described as in (c).
We illustrate Theorem 5.3 with an application to the theory of quadratic transforms of regular local rings. Let R be a regular local ring with maximal ideal m. Let x ∈ m \ m 2 , and let P be a prime ideal of the ring R[mx −1 ] that contains m. Then the ring R 1 = R[mx −1 ] P is a local quadratic transform of R. If P is chosen to be the prime ideal mR[mx −1 ], then the ring R 1 is a DVR and is the order valuation ring of R, so named because it is the valuation ring of the valuation v : F → Z ∪ {∞} that restricts on R to v(r) = max{i : r ∈ m i } for all r ∈ R.
If R is a regular local ring of Krull dimension two, then the union of a sequence {R i } ∞ i=0 of distinct iterated local quadratic transforms is a valuation ring, and every valuation overring of R that dominates R arises in this way [1, Lemma 12] . It follows that if R has Krull dimension two, then every valuation overring of R that dominates R is a patch limit point of the order valuation rings of the R i 's.
By contrast, in dimension three and higher, a valuation overring of the regular local ring R that dominates R need not be a union of a sequence of iterated local quadratic transforms [35, Examples 4.7 and 4.17] . However, it is proved in [15, Corollary 5.3 ] that if R is a regular local ring and {R i } ∞ i=0 is a sequence of distinct iterated local quadratic transforms of R of Krull dimension at least two, then the set of order valuation rings of the R i has a unique patch limit point in the Zariski-Riemann space of the quotient field. This valuation ring is termed the boundary valuation ring of the sequence {R i }.
It is shown in [15, Theorem 5.4 ] that the union S = ∞ i=1 R i is the intersection S = V ∩ T of the boundary valuation ring V of {R i } and the Noetherian hull T of S, the smallest Noetherian overring of R containing S. Moreover, the boundary valuation ring V has rank at most two [16, Theorem 6.4 and Corollary 8.6 ]. In the cited reference the valuation for the boundary valuation ring V is expressed asymptotically using limits of invariants associated to {R i }. Applying Theorem 5.3, we can also express V as a localization of the intersection of the order valuation rings of the R i . This is a consequence of the next corollary. Proof. Let X = {V i : i ≥ 0}, and let V be the boundary valuation ring for {R i }. As discussed before the theorem, lim X = {V }. By Theorem 5.3, A is a Prüfer domain since every valuation ring in X has rank one. Now patch(X) = X ∪ lim(X) = X ∪ {V }. Since A is a Prüfer domain with quotient field F , the set of valuation overrings of A is inv(X) = gen(patch(X)) [28, Proposition 5.6(5) ]. Thus inv(X) = gen(X)∪gen({V }) = X ∪ gen({V }), where the last equality follows from the fact that X consists of rank one valuation rings. Therefore the valuation rings between A and F that are minimal over A must be among X ∪ {V }. Let M be a maximal ideal of A. Since A is a Prüfer domain, A M is a valuation domain minimal over A, and hence A M ∈ X ∪ {V }.
Suppose first that A M = V . Then A M is a patch isolated point in X, which, as in the proof of Theorem 5.3, implies M is the radical of a finitely generated ideal. Since also A M , as a DVR, has a principal maximal ideal, it follows easily that M is finitely generated.
On the other hand, suppose A M = V . If M is the radical of a finitely generated ideal, we have as in the proof of Theorem 5.3 that A M is isolated in patch(X) in the patch topology, contrary to the fact that V ∈ lim(X). Thus M is not the radical of a finitely generated ideal.
Finally, to see that M := M V ∩ A is a maximal ideal of A, let N be a maximal ideal of A containing M . Suppose by way of contradiction that M N . Then V = A N , so that since A N ∈ X ∪ {V }, we have A N ∈ X and hence N has height one. But A N ⊆ A M ⊆ V F . (Since each V i dominates R and V ∈ lim(X), Proposition 2.4 implies V dominates R and hence V F .) Since A N is a rank one valuation ring, this forces A N = V , a contradiction. Therefore, M is a maximal ideal of A and the proof is complete.
